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THE EQUIVALENT CLASSICAL METRICS ON THE 
CARTAN-HARTOGS DOMAINS 

WEIPING YIN AND AN WANG 


Abstract. In this paper we study the complete invariant metrics on Cartan- 
Hartogs domains which are the special types of Hua domains. Firstly, we in¬ 
troduce a class of new complete invariant metrics on these domains, and prove 
that these metrics are equivalent to the Bergman metric. Secondly, the Ricci 
curvatures under these new metrics are bounded from above and below by the 
negative constants. Thirdly, we estimate the holomorphic sectional curvatures 
of the new metrics, we prove that the holomorphic sectional curvatures are 
bounded from above and below by the negative constants. Finally, by using 
these new metrics and Yau’s Schwarz lemma we prove that the Bergman metric 
is equivalent to the Einstein-Kahler metric. That means the Yau’s conjecture 
is true on Cartan-Hartogs domain. 


The concept of Hua domain was introduced by Weiping Yin in 1998. Since 
then, many good results have been obtained. The Bergman kernel functions are 
given in explicit forms[l-17]. The comparison theorems for Bergman metric and 
Kobayashi metric are proved on Cartan-Hartogs domains[18-21]. The explicit form 
of the Einstein-Kahler metric is got on non-symmetric domain which is the first 
time in the world[22-26], etc. In this paper we will study the equivalence between 
the classical metrics. There are many deep results on this subject. Let ujb{D), 
uJc{D), ujk{D), loek{D) be the Bergman metric, Caratheodory metric, Kobayashi 
metric and Einstein-Kahler metric on bounded domain D in C" respectively. Then 
we have ujc{D) ^ 2ujb{D)[27,28], ujc{D) < uik{D)[29], ujc{D) = ujk{D) if D is the 
convex domain[30], u!b{D) = ujek{D) if D is the bounded homogeneous domain 
in C"[31,P.300]. For the ujb{D) and u!k{D), no relationship is known. People had 
hoped that the inequality ujb{D) ^ Cujk{D) for some universal constant C would 
hold, but in 1980 Diederich and Foraess [32] showed that there exist pseudoconvex 
domain in where the quotient u!b{D)/u!k{D) is unbounded. If the inequality 
ojb{D) ^ Cujk{D) holds then we say that the comparison theorem for Bergman 
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metric and Kobayashi metric on D holds. The above comparison theorem [18-21] 
are in this sense. Recently, Kefeng Liu, Xiaofeng Sun and Shing-Tung Yau study 
the equivalence between the classical metrics on Teichmiiller spaces and moduli 
spaces [33-35]. They proved that on Teichmiiller spaces and moduli spaces the four 
classical metrics lob{D),uuc{D),ujk{D),u}ek{D) are equivalent. Especially, they 
proved the conjectures of Yau about the equivalence between the Einstein-Kahler 
metric and the Teichmiiller metric and also its equivalence with the Bergman metric. 

In this paper we study the complete invariant metrics on Cartan-Hartogs which 
is the special types of Hua domains. We prove that the Yau’s conjecture is true 
on the Cartan-Hartogs domains. This paper is organized as follows. We introduce 
a class of new complete invariant metrics on Cartan-Hartogs and prove that these 
metrics are equivalent to the Bergman metrics of the Cartan-Hartogs domains in the 
first section. In the second section we prove that the Ricci curvatures of these new 
metrics are bounded from above and below by the negative constants. We prove also 
that the holomorphic sectional curvatures of these new metrics on Cartan-Hartogs 
domains are bounded from above and below by the negative constants in the third 
section. In the fourth section, by using these new metrics and Yau’s Schwarz 
lemma[36] we prove that the Bergman metric is equivalent to the Einstein-Kahler 
metric. That means the Yau’s conjecture[37] is true on Cartan-Hartogs domain. 

The Cartan-Hartogs domains are defined as follows: 

Yi = {W G C^,Z e Ri{m,n) : \ < det{I - ZZ*), K > 0}, 

Yii = {W €C^,Z € Rii{p) : \W\^^ < det(/ - ZZ*), K > 0}, 

Yiii = {W e C^, Z e Riu{q) ■ < det(/ - Zz‘), K > 0}, 

Yiv = {IE G C^, Z G Riv{n) : \W\^^ < (1 - 2ZZ‘ -h IZZ*]^), K > 0}. 

Where det is the abbreviation of determinant; Z* indicates the transpose of Z, Z 
denotes the conjugate of Z; and the Ri{m,n), Ruip), Riii{q), Riv{n) denote the 
classical domains in the sense of Hua[38](they are also called Cartan domains). 

1. New complete invariant metrics on Y/ 

In this section we will introduce the new complete invariant metrics on Y/, and 
prove that these new metrics are equivalent to the Bergman metric on Y/. 

I.l. New invariant metrics 
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1.1.1. Suppose {Z, W) e Yf, Z = (zij), W = (wi,'W 2 , ■ ■ ■, wn) and let 

Zi = {Z1,Z2 , . . . , Zmn ) — {-^11? -^12? • ■ ■ j ■ ■ ■ 5 Zuilj Zm2i • ■ • j ^mn)-! 

Z2 — ^Z’Ynn+ 1 , Z’Ynn +2 5 ■ ■ ■ 5 ^mn+N ) — (^Ij ^2 j • ■ ■ 5 '^N ) : 

then the point (Z, W) can be denoted by a vector z with mn + N entries, that is 
Z = (Zi, Z 2 ) = (zi, Z 2 ; ■ ■ ■ 5 Z^mn: Z^mn+lt Z‘mn-\-2 j • ■ • j Zmn+N ) ■ 


1.1.2. Let 


where 


Ga 


Gx{Z, W) = r^[det(/ - A > 0, 


Txi{Z,W-Z,W) = {g^-^) 


l0gGA \ 

V dzi&Zj ) ’ 


Y = {1 - X)-\ X = \W\‘^[det{I - Zz')]-i. 


1.1.3. The following mappings are the holomorphic automorphism of Yj, which 
map the point (Z, lY) G Y/ onto point (0, lY*): 

( W* = lYdet(/-ZoZo)^det(/-ZZo)-^ 

\ Z* = A{Z - Zo){I -Zlz)-^D-^ 

Where A*A = (/ — ZqZ\)~^, D = (/ — ZqZq)”^. The set of these mappings is 
denoted by Aut(Y/). 

1.1.4. Let / G Aut(Y 7 ) and Zq = Z, then one has 


Txi{Z,W] Z, lY) = J/|zo=zTa/(0, 1Y*; 0, W*)Jf \zo=z, 


the Jacobian matrix of / is equal to 


Let 


Then one has 


Jf = 


Jf\zo = Z = 


dZ- 

dW” - 

dZi 

azi 

dZ* 

dW 

9^2 

dZ2 . 

/ Jll 

J12 

V >^21 

J22 


Jii = A* -xLi*, 

Ji 2 = A det(/ - Z'Z)-^E{ZYW, 


J21 — 0 , 


J 22 = det(/— ZZ*) 2 kI, 
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where 


E{Z) = (tr[(/ - ZzY^InZ\ty[iI - ZzY^h^z'], ■■■ , tr[(/ - ZzY^I^^z']) 

is the 1 X mn matrix. And /q.^ is m x n matrix, the (a/3)-th entry of lafj , i.e. the 
entry located at the junction of the a-th row and /3-th column of la/B is 1, and its 
others entries are zero. The meaning of [A -xA] can be found in [39] or in 1.1.6 
below. 

1.1.5. By computations,one has 

, , _, f (ZyX + m + n+ §)I 0 \ 

Txi{0,W ;0,1T*)- ^ ^ j . 

Where Y,X see 1.1.2. 

1.1.6. Let 


Txi{Z, W; Z, W) = J/|zo=zTa/(0, W*; 0, W*)Jf = 
one has 


Til Ti2 
T21 T22 


Til = + m + n + §)(A*A -xD D) + ■^Y'^XE{ZYE{Z), 

Ti 2 = ^ det(/ - ZZ')-^XY‘^E{ZyW, 

T2i=t‘2, 

T 22 = XYdet{I - ZZ^)--kI + det{I - ZZ*)-iXYW^W. 

The computations form 1.1.3 to 1.1.6 can be found in [19] for detail. The definition 
of X is the following (see [39]). 

Definition: For the r x s matrix 

A = 

and p X q matrix 

B = 

The X of these two matrices is as the follows: 

( aiii3 ... auB 

. 

arlB . . . ttrsB 

Which is a rp X sq matrix. 

1.1.7. From 1.1.5 and 1.1.6, one has Txj{Z,W; Z,W) > 0, and then from the 
definition of Gx in 1.1.2, the Gx generates an invariant metric ojaxiZi) oiYj. 

1.2. New invariant metrics are equivalent to Bergman metric 


ail 

• ais 

(Xj-l .. 

• ^rs 

611 .. 

biq 

bpi . . 

bpg 
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Definition: Two metrics B and E of domain Q in C" are called equivalent, if 
they are quasi-isometric to each other in the sense that 

0^ — ^a. 

for two positive constants a and b. We will write this as B 

The Bergman kernel function of Yj has the following form[03]: 

Kvr = iW™”7r-™+^G(X) det(/ - 

mn+1 

Where G{X) = ^ -k j)(l - let 

3=0 

P{x) = (x -I- l)[(x -I- 1 -I- Kn){x -I- 1 -I- K{n — 1))... (x -|- 1 -I- K)] 

[(x -I- 1 -I- it"(n -I- l))(x -I- 1 -I- Kn) ... (x -I- 1 -I- 2K)] 

[(x -I- 1 -I- -I- 2))(x -I- 1 -I- if (n -I- 1))... (x -I- 1 -I- 3if)]... 


[(x -|- 1 -I- if (n -I- m — l))(x -|- 1 -I- if (n -I- m — 2))... (x -I- 1 -I- mif)]. 
Then 6o = ^(~1) = 0- And the other bj{j = 1, 2, • • ■ , mn -I- 1) is determined by the 
following form: 


. __fe=o_^ 

" i-^vnj + 1) 

The Bergman kernel function of Yj generates the Bergman metric ujb{Yi). 
1.2.1. By calculations, the metric matrix of Bergman metric 

Tbi{Z,W;Z,W) = Jf\zo=zTBi{Z*,W*;Z^,W^)\z^=oJ]'\zo=z 

— T \ ( -I-m-I-n-I-^]i 0 ^ 

0 M'l + M"W^*W* ) 


G\Zo = Z 




Where 




And Jf\zo=z is same as that in 1.1.4. For the details please see [03]. Hence 


{u3B{Yi)f = dzJf\zo=zTBi{Q, w*;0, W*)j/\zo=zdz 
= dzJA - ( [tiM'X+ m + n+^]I 0 V 

1.2.2. Due to 1.1.5., one has 


) j/\zo=zdz\ 


{oJGx0di)Y = dzJf\zQ=zT\i{0,W*]0,W*)Jf \zo=zdz 
A j \ ( -I-TO-I-n-I-^]i 0 TF* 

= dzjf\zn=z I o- 1 Jf \zn = zdz . 

° V 0 AFi-kAr^VF* W* J ^ ^ 

Where Y,X are same as that in 1.1.2. 
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1.2.3. Let dzJf\zg=z = {dz,d'^), one has 

{ojgA^i)? = +m + n+ ^)\dz\^ + d^{XYI + XY'^W^"w*)d^\ 
{uJB{Yi)f = ij^M'X + m + n+ §)\dz\^ + d^{M'I + M"W^'w*)d^\ 

1.2.4. From [39], the vector W* = {w^.w^, ■ ■ ■ ,w'^) can be written as 

VF* =e*®(/i,0,--- ,0)C/, 


where U is the unitary matrix, hence 


W**W* = U\^ ® 

' 0 0 


U, 


„',m + m"F-‘h-- = V' ( ) [/, 

+ Ay’TW’H'* =V‘( [) [/ > 0. 

1.2.5. Let c?9[/* = {dv,dW), then aja^iYi) and ojb^Yi) can be written as: 

(wga(^/))" = + m + n + f )M5p + (AF + XY^ ^i'^)\dv\'^ + AFjdlFp, 

{iOB{Yi)f = {^M'X + TO + n + f )|d5|2 + (M' + + M'\dW\'^. 

1.2.6. T\i{Z,W\Z, W) > 0 and Tbi{Z,W] Z, W) > 0, these imply 

^M'X + TO + n+ ^>0, M' + >0, M' > 0, F > 0. 

K K 

1.2.7. Let 

+ AF + AFV’ ^ ^ AF’ 

then all of (l>{X),'I'{X), T{X) is positive continues function of X on the interval 
[0,1). If 


hm ^{X), lim ^{X), lim T {X ) 

Ji .—>^1 Jx — Ji .—>^1 

are existent and positive, then all of d>{X), 'f'(X), T{X) have the positive maximum 
and the positive minimum on [0,1). 

1.2.8. Because 


mn+1 mn+1 

G(X) = ^ bjr{N + j)(l - X)-^^+^'> = bjr{N + j)F(^+^'), 

j=0 j=0 


therefore 


SI = G'(X) = ± b,r(N + J + i)y<~+>+y 

1=0 

rl‘^n(V\ mn+1 

= G”{X) = Y b^riN + j + 2)f(^+^'+2). 

i=o 


Let 


M' = G'{X)G-^{X), 
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M" = G"{X)G-^{X) - G\XfG-'^{X). 


1.2.9. We will compute the limits of ^(^), '1'{X) and T{X) when X tends to 1. 
By calculations, one has 


lim (P{X) = lim (1>{X) 
x^i y—>oo 


Hence there exists 0 < ly < 6 such that 


mn + N + 1 
A 


0 < u ^ <P{X) ^ S. 


1.2.10. Similarly, one has 


and 


lim '1'{X) = lim '1'{X) = 

X^l Y—*oo 


lim r(X) = lim r(X) = 

x^i y^oo 

Therefore there exist C, ry, p and g such that 


mn + + 1 

A 


mn + + 1 

A 


0 < C ^ ^{X) ^ ry, 0 < p ^ r{X) < g. 

1.2.11. Let = max{/x,ry, p} and = min{u, C, p}, then one has 0 < 5 ^ 
^ Therefore the following theorem is proved 
Theorem: All of the above new complete invariant metrics is equivalent to the 
Bergman metric on Yj. That is 


0Jb{Yi) ~ WGx(T/). 

Because the Bergman metric lob{Yi) is complete ([40]), hence the new metric 
ugx{Yi) is also complete. 

1.2.12. By using the same idea and method. If we introduce the following 
functions 

Gx = T^[det(/ - A > 0; 

{Y = {I - X)-\X = \W\'^[det{I - ZY)]-^,{Z,W) €Yn) 

Gx = y [det(/ - A > 0; 

{Y = {I - X)-\X = \W\^[Aet{I - zY)]-i,{Z,W) &Yiii) 

Gx = y/3(Z,Z)-(”+^),A > 0; 

{Y = {l-X)-\X= \W\^[I3{Z,Z)]-^,P{Z,Z) = 1 + \ZZ^\^-2ZZ\{Z,W) G Wy) 

for Yji, Yjii, Yiv respectively, then above functions generate the complete invariant 
metrics and equivalent to the Bergman metrics on Yii,Yiii,Yiv respectively. 
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2. Ricci curvatures of new complete invariant metrics 


In this section we will prove that the Ricci curvatures of new complete invariant 
metrics are bounded from above and below by the negative constants on the Cartan- 
Hartogs domains. 

2.1. Due to the definition, the Ricci curvature Ric\i of uja^{Yi) on Yj has the 
following form 

iz 


Ric\i = — 




2.2. Let 


dzTxiiZ, W; Z, W)dz 

then from 1.1.4 and 1.1.5., one has 

det Txi{Z,W;Z,W) = Gi{X)[detiI - 


2.3. Similar to 1.2.1, one has 

'log[det TxiiZ, W; Z, W)] \ —t 


dz 


dzi&Zj 


= dzJf\z„=z> ^ 

Where 


+ 771 + n + ^]I 


dz := {codet{Yi)) 
0 


0 


M'jl + M'/W* W* 


Jf \zo=zdz . 


Here Jf\zo=z is same as that in 1.1.4. In the following we will prove 
'd^ log[detTxi{Z,W;Z,W)] 


dzi&Zj 


> 0 . 


That is the 


\^MyX + 777 + n + 


0 


0 M'jl + M'/W* W* 

is positive definite matrix. By calculations one has 

mnXY'^ 


M'r = - 

XY + K{m + n) + N — X 


+ (fv + i)y >0, 


hence 


1 N mnXY(Y-l) 

if^^^ + ”^ + ^+i?"R(Ay + iL(m + n) + fV-A) 

(fv + i)(y-i) N 

+ ^ + 777 + 77 + — > 0. 

K K 


By calculations, one has 

mnXY^iXY + 2Km + 2Kn + 2N - 2A) 


M/ = 


(A+ + R(7?7 + Tl) + iV — A)2 


+ (iv + I)y2. 
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Because W* = ('W*,W 2 , ■ ■ ■ , can be denoted by 

W* ,0)[/, ^^0, 

where U is (N, N) unitary matrix, therefore 


W**W* = u* ^ ^ 


0 0 


U, 


but W*W*^ = X = By calculations, one has 
m; + = m'j + m'/x = {n + i)y'^ + 


mnXY'^ 


{XY + K{m + n) + N - X)"^ 
+K{m + n)+N - A)(y - 1) + Y{K{m + n) + iV)] > 0. 


[(AF 


Therefore we proved that 

+ TO + n + ^]I 0 

0 M'jl + M'j'W*^W* 

is positive matrix. That is 

'd^ log[detTA/(Z,lT;Z,Pr)]A 


dzi&Zj 


■ 


> 0 . 


2.4. From 1.2.2., we know that 


dzT^i{Z,W-Z,W)dz ={uGdyi)f 


= dzJf\zQ=z 


AT X + TO + n+ 


0 


Jf \zo=zdz . 


0 XYI + XY'^W* W* 

Where Y,X are same as that in 1.1.2. 

2.5. Let dzJf\zo=z = (dz, c?9), then similar from 1.2.4 to 1.2.5, one has 
(cogAYi))^ = mf+ni + n+§)\dz\‘^ + {XY + XY^fi^)\dv\^ + XY\dW\^, 

{codet{Yi)f = (iM;X + TO + n + f)|dz|2 + (M; + M;V)|du|2+M;|dW|2. 


2.6. Because Txi{Z, W; Z, W) > 0 and > 0, hence 

+ TO + n + ^>o, m; + >o, m; >o, t>o. 

K K 


2.7. Let 


-^MjX + TO + n + ^ 


^ (X\ _ ^ K ,T, (v\_ + 


^+TO + n+f 


then 'Pi{X),'Fi{X) and Ti{X) are the positive and continuous functions of X on 
[0,1). If the 


lim <Pi{X), lim 'PYX), lim TYX) 

X^l X^l X^l 

exist and positive, then <Pj{X),<Pi{X),Tj{X) have the positive maximum and pos¬ 
itive minimum on [0,1). 
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2.8. We know the values of M|, M” in 2.3., therefore one can calculate the limits 

and Ti{X) as X ^ 1. 

2.9. It is easy to show that 

lim i'H.’f) = lim ■i,{X) = + " + f 

Y^oo A 

then there exists Q < v < 6 such that 


0 < p ^ <?(X) ^ 5. 


2.10. By the same method, one has 


lim ^i{X) = lim 'l'i{X) = 
x^i y—>oo 


mn + + 1 


lim TiiX) = lim ri{X) = 
x—*i y—>oo 

Therefore there exist C) Vj P ^nd g such that 


mn + + 1 


0 < C ^ < r;, 0 < p ^ r{X) < g. 

2.11. Let = max{/i, rj, g} and = min{p, C, p}, then one has 

0 < 5 ^ ^ a. 

2.12. Up to now, the following theorem is proved. 

Theorem: The Ricci curvature of u)\{Yi) on Yi is bounded from above and below 
by the negative constants, that is 

, n- ^det{Yl) 

-a < Ricxi = -- ^ -b. 

tdGx(^/) 

2.13. By using the same method, the Ricci curvature of u!axiii^G>,nnG!Gxiv) on 
Yii{Yiii, Yiv) is also bounded from above and below by the negative constants. 


3. HOLOMORPHIC SECTIONAL CURVATURE OF THE NEW METRICS 

In this section, the estimate of the holomorphic sectional curvatures of new 
complete invariant metrics on Cartan-Hartogs domains will be given. They are 
bounded form above and below by the negative constants. 

3.1. By the definition the holomorphic sectional curvature dz) of ujgxO^i) 

on Yj has the following form: 


uj\i{z,dz) = 


dz(-ddT + dTT-^dT')dz 


{dzTdz )2 

where T = T\i{Z,W', Z,W). Because the holomorphic sectional curvature is in¬ 
variant under the mapping of Aut(l 7 ). And for any {Z,W) S Yj, there exists a 
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/ e Aut(17) such that f(Z, W) = (0, W*). Therefore it is sufficient to compute the 
value of uj\i{z,dz) at point (0, IT*). In the following computation, W stands for 
W* for the sake of convenience. And if Z* = 0 then |1T*P = X. Where the X can 
be found in 1.1.2. 

3.2. Because 


,rp _ f dTii dTi2 \ _ ( ddTii ddTi2 \ 

-y dT21 dT22 )’ ddT21 ddT22 ) ■ 

Where the Tn, T 12 , T 21 , r 22 can be found in 1.1.6. 

3.3. We will compute the value of T, T~^, ddT, dT, dT at point (0, W). Where 

G{X) = logG(A:) = M = logT^, =M' = XY, 


d logg(-^) ^ ^ ^ 2XY^, = 6Ay^ 

aX^ 

Remark: Where the M, M', M" are different from that in 1.2.1 to 1.2.8. By 
complicate calculations, one has 

rp\ _ = f +'^ +'^+0 \ 

0 M'I + M”W*W )' 


T = 


m 

0 


M' 


0 

-(/ - (M' + M"X)-W*WM") 
0 


_ ( WdWH 

\z=o - I xm"+m' -^^^y^ M"'(WdW*)W*W + M"(WdW*I + W*dW) 


ddTii\z=o = ^{XM" + M')\dZi\^I + {Xm'X + m + n+ f){dZdZ^ -xl 


+/ -xdZ^dZ) + ^(XM" + M')dZldZi 


+j^{XM"' + 2M")\Wdw'\'^I + j^{XM" + M')\dW\'^I. 
ddTi2\z=o = j^{XM’” + 2M”)(WdW*)(d^^W) + j^{XM" + M')(d^dW). 
ddT 2 i\z=o = j^{XM"' + 2M")(WdW^){WUZi) + X{XM” + M')(dw'dZi). 
ddT22\z=o = -^{XM" + M')\dZi\‘^I + -^{XM'" + 2M")\dZi\^W*W 

+ {M"I + M"'TFV)|dW|2 + M"dWUw + M(4)WV|W(iiW|2 
+M'''[\WdW*\^I + iWdW*)(dW*W) + {WdW*){W^dW)]. 


-ddT + dTT 


-^dT'\z=o = 


3.4. Let 


Rii Ri2 
R21 R22 
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then one has 

i?ii = {^{XM" + M')^{^M'X + m + n+^)-^- 

X{XM'” + 2M")) - -^{XM" + M’)\dZi\^I 

-X{XM" + M')\dW\'^I - ^{XM" + M')dZ^dZ 
-{j^M'X + m + n + %)(dZdZ* -xl + I -xdzUz), 

Ri2 = [7^(XM" + M')2(:^M'X + m + n+f)-i 

-X{XM"' + 2M")]WdW*dZl'w - X{XM" + M')(dZl'dW), 

i?21 = -R*12) 

i?22 = [M"'{XM"' + 4M") - {XM" + M')-^M"{XM"' + 2M")^] 

- M"']{WdW^I + w'dW) 

(dWWH + dW^W) - X{XM" + M')\dZi\^I - M"\dW\'^I 
+ [^{XM" + M'f{XM'X + m + n+ f )-i 

-X{XM"' + 2M")]M^ipWV - M"dW*dW - M‘^^'^\WdW*\W*W. 


3.5. Because 

dz (-ddT + dTT-^‘|z=o 

= {dZudW) ( \ 

\ H 21 ri 22 ) 

= dZiRiidz{ + dWR2idz\ + dZiRi2dW* + dWR22dW\ 

By calculations one has 

dz[—ddT + dTT~^dT ]dz \z=o 
= PilWdW^l-^ + Pi2\WdW'\'^\dW\^ + P2\dW\‘^ 

+ Ql|dVh|2|dZi|2+Q2|VhdB^‘|2|rfZi|2 

+R\dZi\‘^ - {Xm'X + m + n+ ^)dZi(dZdZ^ -xI + I ■x'^dZ)dz[. 
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Where 

Pi = + AM") - {XM" + M')-^M''{XM"' + 2M''f] - 

= -2Ar4, 

Pi2 = - M'"] = -AXY^, 

P 2 = -2M" = -2Ar2, 

Qi = -±{XM" + M') = 

Q 2 = A[^{XM" + M'fij^M'X + m + n+ f )-i - j^{XM"' + 2M")] 
= ^A2y4(^ + m + n + - f Ay3 

= ^\^Y^{\Y + Mi)-i - f Ar3, 

P = -^[XM" + M')X = -^X{Y^ - A"). 


where Mi = (m + n)X + iV — A. 

3.6. By calculations one has 

dZi{dZdZ* -xl + I ■xdzUz)dzt = 2tridZdZ*dZdZ*). 
Let 


f2i = Pi\Wdw'f + Pi2\WdW*\^\dW\'^ + P2\dW\‘^ + Qi\dW\^\dZi\^ 
+Q2\WdW'\^\dZi\^ + R\dZif - 2K-\XY + Mi)ti{dZdZ*dZdZ*), 



Therefore one has 

-^(XY + MPldZif < ^(XY + MPtPdZdZ^dZdZ*) < 4(Ay + Mi)|rfZil^. 
mK K K 

3.8. The lower bound of holomorphic sectional curvature 

3.8.1. From 3.6., we know that the Pi and A^T^ are the coefficients of |kF(ilF*|^ 


in l7i and 122 respectively, let 


<?i 


Pi 

A2y4’ 
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the Pi 2 and 2A^Y^ are the coefficients of \ WdW PidhFp in f2i and f22 respectively, 


^ 2A2y3 ’ 

the P 2 and are the coefficients of in and ^22 respectively, let 

^3 = —^ 

the Qi and 2K~^XY{XY + Mi) are the coefficients of |(ilFp|c?Zi|2 in l7i and f 22 
respectively, let 

^>4 =_ 9l _ 

^ 2K-^XY{XY + Mi)’ 

the Q 2 and 2K~^{XY + Mi)AF^ are the coefficients of \WdW*\'^\dZi\‘^ in l7i and 
Q 2 respectively, let 


and let 


Then one has 


2it:-i(AF + Mi)AF2 

R\dZi\^ - 2K-\XY + Mi)iv{dZdZ*dZdz') 
X-2(Ar + Mi)2|dZi|4 ■ 


^ 2 ^ 2 2 2 r 

■*■‘ = - 1 ' = = '*'* = -AFnJT' 


3.8.2. Because 

2Y{XY + 2Mi) 2Y[XY+ 2{m + n)K+ 2N] 

(AF + Mi)2 ^ (AF + Mi)2 

And by using the inequality in 3.7., one has 

^ i?|dFi|4-2A:-i(AF + Mi)|dZit4 -2A(F2 - F) - 2A:(AF + Mi) 
if-2(AF + Mi)2|(iFi|4 “ (AF + Mi)2 

3.8.3. It is easy to see that the ^ 1 , ^ 2 , ^ 3 , ^ 4 , ^ei are the negative 

continues functions of F on the interval [l,oo). If F —> 00 , then their limits are 
existent and are the negative numbers. Hence all of ^ 1 , (|> 2 ^ P 4 , ^ 51 , Pqi have 

the negative minimums on [1, 00 ) respectively. Let —a be the smallest one of them. 
Then it is easy to show that ^ —al 72 , that is 

uJxi{z,dz)\z=o > -a. 


3.9. The upper bound of holomorphic sectional curvature 
The uj\i{z, dz)\z=o can be rewritten as 


uj\iiz,dz)\z=o =-C +—, C> 0 . 


Where 


n3 = Pi\WdW |^ + Pi*2lIFdIF \^\dW\^ + P^\dW\^ + Q*i\dW\‘^\dZi 
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+Ql\Wdw'\^\dZi\^ + R*\dZif - 2K-^{\Y + Mi)tY{dZdz'dZdZ*), 

^4 = [K-\XY + Mi)\dZi\‘^ + XYldWl"^ + XY‘^\WdW'\^)]‘^, 

P* = Pi + = -XY^(2 - CX), 

P*2 = Pi2 + aCX^Y^ = -2XY^(2 - CX), = P 2 + CX^Y^ = -XY^{2 - CX), 
g* = Qi + 2CK-^XY{XY + Ml) = -AK-^XY"^ + 2CK-^XY{XY + Mi), 
g* = g 2 + 2 CK-^XY^{XY + Ml) 

= AK-^X^Y^{XY + Mi)-i - SK-^XY^ + 2(7/4:"^Ay^(Ar + Mi), 

P* = P + CK-^{XY + Mi)2 = -2XK-‘^{Y^ - >^) + CK-^{XY + Mi)^. 

If 


and 


Pi*<o, Pi* 2 ^o, p;<o, 

gt|diyndZip + g^|Ty^‘ndZi |2 < o, 

P^IdZil"* - 2 K-\XY + Mi)tT{dZdZ^dZdZ^) < 0 , 


then 


u}\i{z, dz)\z=o < -C. 

3.9.1. It is easy to see that if C < j, then Pi* < 0, Pi *2 < 0, P 2 * < 0. 

3.9.2. Because < |iy|2|diy|2 = x\dW\^ = (1 -Y-^)\dW\^, and if 

^ ^ AV+Mi ■“ ^42, then gi < 0. At this time one has 

gt|diyndZi|2 + g*|M/^|2|i;Zi|2 < {QIX-^ + Ql)\W^\^\dZi\^. 


Then by calculations, one has 

g^A-i + g; = 

Therefore if 


* ^-1 , 2CAr3(Ar + Ml) 4Ay3[A(y -1)2 + (Mi + A)(2y - i)] 


c € 


K{Y-l) K(Y-1){XY + Ml) 

2[A(y-l)2 + (Mi+A)(2r-l)] 


and 




(Ar + Mi )2 

2 y 


:= ^b 2 , 


(AF + Ml) 
where Mi = (m + n)K + N — X, then 


:— <p42, 


Q*i\dwf\dZif + g;|iydiy*ndZi|2 ^ o. 


3 . 9 . 3 . By using the inequality in 3.7., one has 

_ 2(XY + M,MdZir4Zlz') ^ _ 2{Xy + M,) 

K mK 
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By calculations, if 


then 


^ ^ 2[\Y^ + Km-\\Y + M^)] ^ 

^ ^ - {\Y + M,Y - - 


R*\dZi\^ - 2K-\\Y + Mi)tv{dZdZ dZdZ ) < 0. 


3.9.4. Because ^ 42 , <^ 52 , ^62 are the positive continues functions of Y on the 
interval [l,oo). It is easy to show that, when Y ^ 00 , the limits of ^ 42 , <^ 52 , ^^62 
are existent and are equal to the positive numbers j. Then <^ 42 , <^ 52 , ^62 have the 
positive minimums on [1, 00 ) respectively. Let b be the smallest one of them. Then 
if C ^ one has 


Ql\dW\^\dZi\^ + Q*2\WdW*f\dZif < 0 , 

- 2K-\XY + Mi)tv(dZdZ^dZdZ^) < 0. 

3.9.5. From 3.9.1 to 3.9.4, there exists 

2 

C < min{&, -}, 

and C > 0 such that 

LOxi{z,dz) ^ -C. 

By the 3.8.3 and 3.9.5., one has the following theorem. 

3.10. Theorem: There exists positive constant a, C dependent on Yj, A such that 
the holomorphic sectional curvature u}\i{z,dz) of metric tocxO^i) on Yf satisfies 


—a ^ u)\i(z, dz) ^ —C. 


This theorem is also true for the other Cartan-Hartogs domains. 


4. Bergman metric is equivalent to the Einstein-Kahler metric 

We proved that the new complete invariant metrics are equivalent to the Bergman 
metric on Cartan-Hartogs domains. We will prove that these new metrics are 
also equivalent to the Einstein-Kahler metric on Cartan-Hartogs. Therefore the 
Bergman metric is equivalent to the Einstein-Kahler metric on Cartan-Hartogs do¬ 
main. By using the Yau’s Schwarz lemma and the theorem 3.10, we can prove that 
the Bergman metric is equivalent to the Einstein-Kahler metric on Cartan-Hartogs 
domain. 

4.1. Yau’s Schwarz lemma[33]: Let / : —>■ {N'^,h) be a holomorphic 

map between Kahler manifolds where M is complete and Ric{g) ^ —eg with c ^ 0. 
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(1) if the holomorphic sectional curvature of N is bounded above by a negative 
constant, then f*h ^ eg for some constant c. 

(2) If TO = n and the Ricci curvature of N is bounded above by a negative 

constant, then < cw” for some constant c. 

Where and ojg are the volume element for (M"*, g) and (-/V”, h) respectively. 

4.2. Consider the identity map 

id : {Yi,ujek{Yi)) (F/,u;g>(W)), 

Because the holomorphic sectional curvature of is bounded above by a 

negative constant . Yau’s Schwarz lemma (1) implies 

^ CiU1ek{Yi). 

Consider the identity map again 

id : {Yecogx{Yi)) [Yj, u}ek{Yi)). 

Because the Ricci curvature of UGxiYi) is bounded below by a negative constant. 
Yau’s Schwarz lemma (2) implies 

Where mn + fV is the dimension of Y/. This inequality implies 

det[TEKi{Z.W-,Z,W)] < Codet[TA/(Z, W;F, W)]. 

Because Txj{Z,W]Z,W) > 0, Teki{Z,W-,Z,W) > 0. Then from the following 
proposition, one has 

GTEKiYl) < C2 LOGx{Yi)- 

Proposition: Let A and B be positive definite n x n Hermitian matrices and let 
a, fd be positive constants such that B ^ aA and det(i?) ^ /3det(A). Then there 
is a constant 7 > 0 depending on a, /3 and n such that B ^ 7 AI. 

Up to now we proved that 

Theorem: The Bergman metric is equivalent to the Einstein-Kahler metric on 
Yi. 

This theorem are also true for the other Cartan-Hartogs domains. Thus the 
Yau’s conjecture is true for the Cartan-Hartogs domains. 

4.3. If Yi is convex, then ujb{Yi), u!c{Yi), u;k{Yi), ujek{Yi), ujgx{Yi) are 
equivalence on Yj. This fact is also true for the other convex Cartan-Hartogs 
domains. 
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4.4. Because the holomorphic sectional curvature of ojgxO^i) is bounded above 
by negative constant, then by the ref. [41, p.l36], one has 

WGx(b/) < Pl^KiYi) 


Hence 

ujb{Yi) ^ f3iu;K{Yi) 


and 


^^Ek{Yi) < f32‘^K{Yl). 

4.5. Because ujc{Yi) < 2ujb{Yi), then 

^c{Yi) < I3^ujek{Yi). 

Where (}, Pi, P 2 , Ps are the positive constants. The facts in 4.4 and 4.5 are also 
true for the other Cartan-Hartogs domains. 
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